In this paper we study an AdS-Schwarzschild black hole in four and five dimensions in dRGT minimally coupled to a cloud of strings and investigate the effects of this string cloud on the thermodynamics of the black hole. The observations about four dimensions indicate that the massive term in the presence of external string cloud cannot exhibit Van der Waals like behaviour for AdS-Schwarzschild black hole and therefore there is only the Hawking-Page phase transition. In contrast, in five dimensions, the graviton mass modifies this behaviour so that a critical behaviour and second order phase transition is deduced. The black hole stability conditions are also studied in four and five dimensions. In five dimensions a degeneracy between states for extremal black hole is investigated. After studying black holes as thermodynamic systems, we consider such systems as heat engines, and finally the efficiency of them is calculated.
Introduction
In general theory of relativity introduced by Albert Einstein, graviton is massless. In recent years, the idea of giving mass to the graviton increasingly being considered among cosmologists because they want to reveal the hidden angles of controversial and sophisticated phenomena such as dark energy and dark matter by modifying General Relativity(GR) in order to explain the acceleration of the universe and other unresolved problems in cosmology. The first attempt for constructing a massive theory of gravity is attributed to Fierz and Pauli [1] which was done in the context of a linear theory of gravity. Due to some issues of propagator in the massive gravity in the limit m = 0, it does not reduce to general relativity. Afterwards, people tend to nonlinear massive gravity theories. One of the first person that employed a nonlinear model for massive gravity was Vainshtein [2] . Accordingly, at some distance below the so-called Vainshtein radius, the linear regime breaks down and the model enters into a nonlinear framework. On the basis of Vainshtein mechanism, the recovery of GR has been established around massive bodies, more details are provided in [3] - [9] . But, regrettably, problem of generalization to nonlinear model by Boulware and Deser(BD) suffered from ghosts [10] , [11] . Nevertheless, recently the BD ghost problem was resolved in [12] , [13] , [14] by a nonlinear massive gravity. In these theories, a fixed reference metric can be considered on which the massive gravity propagates. Dynamics of this reference metric is described in the background of theories at present called bi-gravities [15] , [16] , [17] . The phenomenology of massive gravity has also been interesting to scientists. To review empirical observations in the context of massive gravity see [18] , [19] , [20] and the recent LIGO results are given in [21] , [22] . Black holes are one of the interesting predictions of Einstein theory(GR). The manifestation of black hole as a thermodynamical system have uncovered many aspects of them. As a forerunner of this category, it can be named the worthwhile work of Howking and Page who discovered a phase transition between AdS black holes and a global AdS space [23] . Then Chamblin et al found a Van der Waals like phase transition in Reissner-Nordstrom AdS black hole [24] , [25] , [26] . As well as Kubiznak and Mann illustrated an interesting analogy between Reissner-Nordstrom AdS black holes and Van der Waals fluid-gas system in the extended phase space of thermodynamics [27] . If the first law of black hole is corrected by a VdP term and the cosmological constant is treated as thermodynamical pressure of the black hole and its conjugate variable is regarded as a volume covered by the event horizon of the black hole, then the extended phase space is deduced [28] , [29] . In this illustration, the gravitational mass is regarded as enthalpy. In an identified thermodynamic condition, which is determined by the state equation, it is possible that the black hole burns some substance as fuel and produces mechanical work similar to heat engines. This idea was first introduced by C. Johnson [29] . Effects of a string cloud on the criticality and efficiency of AdS black holes as heat engines in the context of GR and f(R) gravity is investigated in [30] . On the other side, gravity is the low-energy limit of string theory. String theory is a promising theory for the unification of all known forces of nature that interprets particles as vibration modes of one dimensional string objects [31] . Letelier proposed a model for a cloud of strings, an aggregation of one dimensional objects in a defined geometrical frame that study the gravitational effects of matter such as black holes [32] . A cloud of strings is analogous to a pressureless perfect fluid. We are interested to study the effects of the cloud of strings on massive gravitational theory. Many authors have studied various gravitational models with different sources encompassed by a cloud of strings [33] - [37] . The impact of the cloud of strings on Schwarzschild AdS black hole was investigated and its thermodynamical properties in a non-extended phase space was introduced in [38] . A new extended phase space of Schwarzschild AdS black hole with an energy-momentum tensor coming from a cloud of strings related to the topological charge was illustrated by two formal approaches in [39] which leads to the same result in [38] . It is seen that the effect of string cloud can bring Van der Waals-like behaviour and second order phase transition in an extended phase space, while we know Schwarzchild black hole cannot display a phase transition. In this paper we study the thermodynamics of Massive-AdS Black hole minimally coupled to a cloud of strings in an extended phase space in four and five dimensions. Then we consider black holes as heat engines and we calculate the efficiency of them. Finally we present our work results.
Gravity setup and thermodynamics in d=4 dimensions
The action of GR-Λ-massive gravity coupled to a cloud of strings is
where R is the scalar curvature of the metric g µυ , Λ = −n(n−1) 2l 2 is the negative cosmological constant (n = d − 1), m is massive parameter and f µυ is fixed symmetric tensor. The c i 's are constant and the U i 's are symmetric polynomials of the eigenvalues of the d×d matrix K µ υ = √ g µα f αυ , where
The squre root in K means (
λ and the rectangular brackets denote traces. The second integral called a Nambu-Goto action. (τ ,σ) is a parametrization of the world sheet and m is positive and is related to the tension of the string. γ is the determinant of the induced metric
The action can also be described by a spacetime bi-vector Σ µυ , given by
such that Nambu-Goto action can be written as
The energy-momentum tensor for the string can be calculated from the relation
∂g µυ , where
The energy-momentum tensor of the string cloud is then given by
where ρ is the density of the string cloud.
The equation of motion is as follows,
in which G µυ is the Einstein tensor and χ µυ is
and conservation of the energy-momentum tensor ∇ υ T µυ = 0 leads
f µν was proposed in [40] , [41] with the form f µν = c 2 0 l 2 diag(0, 0, 1, 1). Then considering this ansatz for the metric,
where
yielding [42] 
Finally, the field equations yield
where b is an integration constant which is calculated from solving f (r 0 ) = 0 that r 0 is location of the event horizon
a ≡ σ 2 .
To investigate the effect of the string cloud on our solution we plot f (r) − r diagrams (see Figure 1) . We see that based on the value of the string cloud parameter, for a < a c maximum three roots appear, while for a > a c maximum one root appears, where the value of a c is given in the following . We note that the metric function has a maximum of three roots regardless of curvature geometry which means has a maximum of three event horizon in all horizon topology: sperical (k = 1), flat (k = 0) and hyperbolic
In an extended phase space we consider the cosmological constant as pressure of the black hole with P = − Λ 8π then its conjugated variable plays role of the black hole's volume. In this conjecture the black hole mass is interpreted as enthalpy
where V 2 , the area of a unit volume of constant (t, r) space is equal to 4π. Entropy S and temperature T of the black hole can be derived respectively as follow
Then we find that these thermodynamic quantities satisfy the first law of the black hole thermodynamics in the extended phase space with the following form
where V is the thermodynamic volume, A and C i 's stand for the physical quantities conjugated to the parameters a and c i 's respectively. Besides the corresponding Smarr relation can be extracted by a scaling argument as
Since the c 2 -term and a-term in the metric function are constant terms in four dimensions do not appear in first law of black hole thermodynamics and we set dc 2 = 0, da = 0. Also, if we define an equipotential surface f (r) = cte and varying it with respect to variables k, r, m 0 ≡ b/2, a and c i then a term ωdε is added to equation (18) where ε = V 2 k is named topological charge and ω = k 0 r 8π is its conjugated potential. Anyway since the dimention of ε is proportional to [L] 0 this term has no role in coresponding smarr relation. By inserting relationships (15) , (16) , (21) , (22) , (24) in (25) we will achieve the equation of state
where the value of (− m 2 c 0 c 1 4π ) can be considered as a correction to the Hawking temperature. The ideal gas law for one mole of gas composed of non-interacting point particles satisfy P ∝ T V . Van der Waals proposed that all particles are hard spheres of the same finite radius r (the van der Waals radius). The available space in which the particles are free to move is limited by the amount of space occupied by themselves, so van der Waals corrected the gas state equation by replacing V − b instead V , where b is called the co-volume. Then we will have P ∝ term and the higher powers in the denominator. Thus, in our case study, the equation of state (26), does not show the van der Waals like behavior. Also we can explore critical phenomena and van der Waals like behaviour by computing the inflection point (
2 ) T = 0, we see that no critical points are found. Therefore we observe that adding the graviton mass to the AdS-Schwarzschild black holes coupled to a cloud of strings in 4 dimensions have no critical behaviour. This fact can also be seen from the P − r diagrams(see Figure 2) . Here, as in the case of AdS-Schwarzschild black hole, there is only the Hawking-Page phase transition. This is evident from the T − r diagrams(see Figure 2) .
To further explore thermodynamical properties of the black holes, we calculate the specific heat in canonical ensemble to check the stability of the black holes. The specific heat can be derived as
The C − r diagrams in the range a < a c of string cloud parameter and for two possible modes c 1 > 0 and c 1 < 0 are plotted in Figure 3 . We see that for c 1 < 0 the black holes with radius from r 0 = 
From equations (17) and (26) we observe that ignoring the third section of the mass term does not affect thermodynamic macroscopic quantities, T and P, therefore usually in literature where it is not needed, do not consider the term included c 3 in four dimensions. But by observing the Gibbs free energy, we see that the term contains c 3 exists in it and is independent of r 0 . That is, by changing the coefficient c 3 , in each event horizon we can determine the energy of different phases of the black hole without changing in temperature and pressure of the black hole. If the Gibbs free energy where is also the thermodynamic potential, is minimized, then system reaches chemical equilibrium at constant pressure and temperature. As seen in Figure 5 , we emphasize that no transition occurs between these different phases of the black hole in four dimensions. 
where the metric function for d = 5 dimensions is given by 
f(r)-r diagrams show that in five dimensions we have at most three horizons, so the effect of string cloud on the number of event horizons is similar to the four dimensions (see Figure 6 ). The ADM mass M , Wald entropy S and Hawking temperature T of the black hole can be calculated respectively as follow
where V 3 , volume of the three dimensional unit sphere as plane or hyperbola is equal to phase space, Eq.(18). The corresponding Smarr relation can be derived as
where By inserting these relations in Eq. (34), the pressure is obtained
With setting (
) T = (
2 ) T = 0, the critical radius, temperature and pressure as follow
The appearance of these values indicates critical behavior in five dimensions (see Figure 7) . We note that if we exclude the massive term(m → 0), the above equations are converted to the results in Ref [39] which is valid for k = 1, therefore in the absence of the massive term, we have critical behaviour only for spherical topology. In other words Einstein gravity modification with massive graviton in the presence of external string cloud can display second order phase transition and van der Waals like behaviour for topological black holes(k = 0, −1). We can consider the value of (− ) for the correction to the Hawking temperature. If the graviton mass corrects Hawking's temperature in this way, we can estimate the compression factor or the gas deviation factor as In Figure 7 , the P −r diagrams are plotted for c 3 < 0. It should be noted that if c 3 > 0, then it is necessary that a > 3 2 m 2 c 3 0 c 3 to maintain the condition (45) . Equation (44) is referred to as the condition of critical behaviour in [42] . The condition of positive pressure results
which equation (42) applies in this constraint.
To check the behaviour of temperature with respect to the radius one can plot T − r diagrams (see Figure 8 ) for string cloud parameter a less or greater than critical value a c where For a < a c , there is a black hole from zero to one critical temperature and as the black hole grows its temperature rises. From this critical temperature to a definite amount of temperature, we have three black holes, which, depending on the size of these three black holes, we call them small, medium and large. Then, as the temperature rises, two smaller black holes disappear and only the large black hole will be at high temperatures. 
The conditions of the stability of black holes are obvious from C − r diagrams(see Figure 9 ). The Gibbs free energy for d = 5 is as follows which has the following critical value
The second order phase transition is clearly evident from the G-T diagrams(see Figure  10) . Thereafter, the presence of the massive coefficient c 1 in the pressure and temperature and its absence in Gibbs free energy allows us to examine the degeneracy of states in extremal black holes. An extremal black hole is the smallest possible black hole that can exist while rotating at a given fixed constant speed. It has been suggested by Sean Carroll [45] that the entropy of an extremal black hole is equal to zero. If we set S = 0 in Gibbs free energy formula then we obtian G = E. Therefore, by changing the coefficient c 1 , the pressure and temperature change in each state, but the energies of the states are the same and we get the degeneracy between states. 
black hole as heat engine
After considering black hole as thermodynamic system, one can consider such system as a heat engine. That is, black hole generates mechanical work by burning some substance. The substance used by such engine as fuel follow the equation of state. An interesting advantage of examining the thermodynamics of the black holes in the extended phase space is that the mechanical term P dV in the first law provides the possibility of calculating the efficiency of these heat engines. Carnot showed that the heat engine that operates a reversible cycle composed of two isothermals and two adiabatics, has the highest efficiency compared with the other heat engines. The efficiency of a heat engine that working between two reservoirs of temperature is given by
where Q H , Q C and W stand for input heat to the system, output heat from the system and mechanical work done by the system, respectively. Apart from the Carnot cycle, which is the simplest cycle that can be considered, it is difficult to find an analytical formula for the efficiency of other cycles. The first time Johnson [29] proposed a simple cycle in P − V plane, known as squared cycle constructed by two adiabatics/isochorics and two isobarics as shown in Figure 11 . Along the isobar 1 → 2 and 3 → 4, system produces work so that the total work done by this heat engine is equal to the area of the rectangle 1 → 2 → 3 → 4. Also the input heat to the system along the isobar 1 → 2 and the output heat from the system along the isobar 3 → 4 is obtained from the first law of thermodynamics dH = δQ + V dP.
Since the pressure is constant during the isobaric process it results that the heat absorbed/emitted is equal to the difference between the enthalpy of the two points at the beginning and the end of the process so the efficiency is as follows
For the case of our black hole we plot the diagrams for efficiency according to the string cloud parameter a in four and five dimensions (see Figure 12) . We see that the efficiency increases by rising the string cloud parameter. On the other hand, given that the maximum value of efficiency is equal to one, an upper limit on the string cloud parameter can be applied. Also, the gradient of the graph in four dimensions is more than five dimensions.
Conclusion
In this paper we observed that the massive gravity minimally coupled to a cloud of strings cannot exhibit Van der Waals like behaviour for AdS-Schwarzschild black hole in four dimensions, but in five dimensions this modification takes place. This behavior can be attributed to the absence of one term from the mass episode namely the third massive term in the equation of state in four dimensions. Also the string cloud parameter affects the numbers of event horizon and the quality of the black holes stability, so we found a critical value for this parameter. Finally we saw that the string cloud parameter affects the efficiency of the black hole heat engine and we showed for squared cycle, the efficiency grows up as the string parameter increases and approaches to one.
